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Abstract: In this thesis, we study the effect of an external electric field on the properties of 

glass forming liquids. We present the properties relevant and important for understanding the 

phenomenon, such as the transition temperature and the temperature dependence of viscosity. 

We create a numerical model and use a method called molecular dynamics with the Lennard-

Jones potential and an added external field as the interatomic potential to simulate molecular 

motion within a glass forming liquid. We implement analysis methods to calculate properties 

such as the radial distribution function, static structure factor, diffusion coefficient, non-

Gaussian parameter, and relaxation time. We use the implemented methods to evaluate the 

molecular behaviour of the simulation and compare the results with theoretical predictions.  

 

Key words: finite size, glass transition, diffusion constant, dynamic heterogeneity, electric 

field. 
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Povzetek: V magistrskem delu preučujemo vpliv zunanjega električnega polja na lastnosti 

tekočin s faznim prehodom v steklasto fazo. Predstavimo posebne lastnosti stekel, kot je 

poseben fazni prehod, v katerem ne pride do strukturne spremembe kot pri kristalih. Prehod se 

zgodi znotraj območja temperatur, katerega središče označimo kot temperaturo steklastega 

prehoda. Temperatura steklastega prehoda vsake snovi je odvisna od hitrosti hlajenja in pri 

hitrejšem hlajenju je ta temperatura višja. Predstavimo Kauzmannov paradoks in z njim 

Kauzmannovo temperaturo kot temperaturo, pri kateri je entropija podhlajene tekočine enaka 

kot entropija kristala, kar ni mogoče. Opišemo predlagane rešitve za paradoks, kot na primer, 

da se toplotna kapaciteta postopoma zmanjša ali pa da snov pred to temperaturo kristalizira. 

 

Odvisnost viskoznosti od temperature v podhlajeni tekočini opišemo z Arrhenuisovo funkcijo 

in podamo primere kot tudi izjeme, za katere podamo Volger-Tammann-Fulcherjevo funkcijo. 

Podamo razlike med obema funkcijama in vpeljemo krhkost in indeks krhkosti kot orodje za 

ločevanje med različnimi steklastimi tekočinami. Tekočine, ki sledijo Arrheniusovi funkciji in 

imajo nizek indeks krhkosti, označimo kot močne steklaste tekočine, medtem ko tekočine, ki 

Arrheniusovi funkciji ne sledijo in imajo visok indeks krhkosti, označimo kot krhke. Vpeljemo 

Einstein-Stokesovo enačbo za difuzijo kroglastega delca v tekočini in predstavimo razmere, v 

katerih ta enačba več ne velja.  

 

Za numerične simulacije uporabimo model molekularne dinamike in algoritem Gear. Za 

medatomski potencial uporabimo Lennard-Jonesov potencial. Sistem držimo na konstantni 

temperaturi z Berendsonovim termostatom. Gostoto v sistemu prav tako ohranjamo konstantno. 

V modelu uporabimo periodične robne pogoje in z različnimi velikostmi simulacijske škatle 

vplivamo na obnašanje sistema in opazujemo efekte končne velikosti. Osredotočili se bomo na 

najmanjšo škatlo zaradi največjega odziva na električno polje. 



Po koncu simulacije analiziramo strukturo in gibanje molekul v sistemu. Za opis strukture 

uporabimo radialno distribucijsko funkcijo in statični strukturni faktor ter z njima preverimo, 

ali struktura sistema ustreza teoretičnim napovedim. Vpeljemo ureditveni parameter kot 

indikator odziva strukture sistema na zunanje električno polje. Za analizo dinamike vpeljemo 

povprečni kvadratni premik, ne-Gaussov parameter in nekoherentno srednjo sipalno funkcijo. 

Iz povprečnega kvadratnega premika pridobimo informacije o dinamiki molekul skozi čas in iz 

dinamike v dolgih časih določimo difuzijsko konstanto iz naklona premice. Ne-Gaussov 

parameter uporabimo kot kvantitativni opis dinamične heterogenosti v sistemu. Nekoherentno 

srednjo sipalno funkcijo uporabimo za določitev relaksacijskega časa sistema. 

 

Najprej preverimo, ali sistem izkazuje lastnosti, ki so značilne za tekočine s steklasto fazo. Z 

radialno distribucijsko funkcijo in statičnim strukturnim faktorjem potrdimo, da ima sistem 

strukturo tekočine, kar je značilno za stekla. Opazimo, da se struktura spremeni, ko je sistem v 

močnem električnem polju. Spremembo strukture preverimo z ureditvenim parametrom in 

potrdimo, da struktura postane bolj urejena. Iz povprečnih kvadratnih premikov določimo 

difuzijske konstante in pokažemo, da postane dinamika v močnejšem električnem polju 

počasnejša. Iz grafov ne-Gaussovega parametra določimo maksimalno vrednost in pokažemo, 

da se dinamična heterogenost z električnim poljem zvišuje. Iz  nekoherentnih srednjih sipalnih 

funkcij določimo relaksacijske čase in ugotovimo, da se relaksacijski časi z močnejšim poljem 

podaljšujejo. Enako preverimo tudi sisteme v večjih simulacijskih škatlah, ki pa ne izkazujejo 

kake izrazite odvisnosti od zunanjega polja. Rezultati vsebujejo preveliko količino šuma, da bi 

lahko sklepali na tovrstno odvisnost. 

 

Iz spremembe radialne distribucijske funkcije, statičnega strukturnega faktorja in ureditvenega 

parametra sklepamo, da pri močnejšem električnem polju pride do delne kristalizacije zaradi 

spremembe strukture. Zaradi počasnejše dinamike predpostavimo, da je temperatura v sistemu 

navidez padla. Predpostavimo, da električno polje vsili strukturo, ki navidez zniža temperaturo 

sistema. Zaradi električnega polja nastanejo večji skupki molekul, ki pri dovolj veliki jakosti 

prerasejo simulacijsko škatlo, in, ker postane škatla premajhna, je obnašanje sistema močno 

drugačno. 

 

Ključne besede: končna velikost, prehod v steklasto fazo, difuzijska konstanta, dinamična 

heterogenost, električno polje. 
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1 INTRODUCTION 

Normally materials have three very distinct phases or states, which are gas, liquid, and solid. 

The different states can be distinguished by their molecular structure, behaviour, and the 

intermolecular interactions. These differences on the molecular level are well reflected in the 

macroscopic scale, where we can usually distinguish all the states quite easily. We know from 

personal experience that solids generally keep their shape, liquids flow like a river, and gases 

occupy the whole space that is given to them. 

 

Under normal conditions gases have a low density, especially when compared to liquids and 

solids. A great example of this is air, which is almost a thousand times less dense than water 

and about six thousand times less dense than iron. The gas molecules are usually fast moving 

and they rarely interact, so their movement is mostly independent. The distances between 

molecules are usually much larger than the size of the molecules so they can be treated as point 

objects, which can be used to great effect when describing ideal gases. The large intermolecular 

distances make gases highly compressible, which is mathematically shown in the ideal gas 

equation 𝑝𝑉 = 𝑁𝑘𝐵𝑇. 

 

Liquids have a much higher density than gases, mostly because the intermolecular distances are 

much smaller. Since the intermolecular distances are much smaller, the liquids are far less 

compressible and in most cases essentially not compressible. Furthermore, the interactions are 

much stronger, making independent movement impossible, thus giving rise to the cooperative 

behaviour of molecules. While the molecules in liquids are packed closely together, they still 

lack the ordered structure that is present in a large amount of solids. Because of this lack of 

ordered structure, they do not have a shape of their own and instead occupy the bottom of the 

vessel containing them, which determines their shape [1]. 

 

Solids have a density comparable to liquids, so the intermolecular distances are also 

comparable. But their structure is usually very different from all the liquids. Crystalline solids 

have a well-ordered molecular structure, which can be described with a single cell containing 

the pattern that repeats indefinitely throughout the whole solid. Because of this, a solid can have 

its own shape, but the molecules move very little compared even to liquids. In most cases they 

just oscillate around a stable point. 
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The classic three states of matter cannot be observed in every material. Such matter is called an 

amorphous solid and they incorporate glass forming liquids. Structurally speaking, they are not 

crystals. They do not have an ordered structure. But anyone who has ever seen or touched glass 

can tell that they seem quite solid to the touch. The solid property is a consequence of the glass 

going through a phase transition in which its structure does not change.  

 

The properties of glasses pose a problem for anyone trying to classify them into one of the three 

states of matter. They have the properties of solids: they are solid to the touch, they keep their 

own shape, and their mechanical properties are those of solids. Therefore, they should be solids. 

But they also have properties of liquids: the amorphous or disordered structure and the isotropic 

behaviour that comes from this disordered structure. Therefore, they should be liquids. But 

should they be both? Some researchers have suggested a fourth state, which should be defined 

as the vitreous state and would describe glass forming liquids in the glass state [2]. There have 

been similar suggestions for other strange materials, but none of them were ever adopted, 

because their inclusion would over-complicate the division of states. The plasma state has 

become the only accepted fourth state, but that is due to the very nature of the transition, which 

is very different from all the other transitions and deserves its right as the fourth state. 

 

Glass forming liquids are a phenomenon that has baffled scientists for a century now and will 

be the focus of this thesis. They sometimes appear to break the laws of physics [3-15] and 

sometimes they wonderfully show them in action [16]. While some of the properties are already 

well understood, the nature of the glass transition is still not truly understood. Recently, studies 

of the finite size effects [17-20] have become quite popular, since they can give a lot of 

information about correlation lengths within the system. We will also study finite size effect 

with the emphasis on how they are influenced by external stimulation, in our case an external 

electric field. 

 

This master thesis is structured into three main chapters. In the second chapter, we present the 

properties of glass transition, such as the nature of the transition itself and how the system’s 

properties change during the transition. In chapter three we define the model used to simulate 

the behaviour, as well as the analysis methods implemented to measure the properties of the 

system. In the fourth chapter, we present and interpret the results of the simulations. 
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2 THE GLASS TRANSITION 

2.1 Glass transition temperature 

Glass forming liquids are a type of liquids that do not undergo a phase transition in which the 

molecules crystallize, but instead the molecules gradually slow down to a halt when the liquid 

is cooled into a solid state. This type of transition is called a glass transition and happens at a 

specific temperature called the glass transition temperature 𝑇𝑔. While 𝑇𝑔 is usually presented as 

just one temperature, it is actually a temperature range, its midpoint was just chosen as the 

characteristic factor of a glass forming liquid. The slowing down of molecules signifies a drastic 

increase in the viscosity, spanning over many orders of magnitude. The nature of the glass 

transition is completely different from melting or the inverse, crystallization or freezing.  

 

Melting and crystallization are first order transitions or discontinuous transitions. During the 

transition, molecules inside the material rearrange from an ordered crystalline state with long 

range translational order to a disordered liquid state or vice versa. During the transition the 

volume often changes substantially while the temperature of the material stays the same until 

all molecules have transitioned from one state to the other. This creates a discontinuous change 

in the specific volume of the material when plotted as a function of 𝑇 (figure 1a).  

 

Glass forming liquids undergo a second order transition or a continuous transition. The 

molecular structure of the material does not change during the transition, so there can be no 

discontinuous change in the specific volume of the material (figure 1a). In the same way, no 

long range translational order appears. However, the properties still change; as we can see in 

figure (1a), two linear functions connected with a short curve at 𝑇𝑔. The two different slopes 

signify two different specific heats, one for the glassy state and one for the liquid state, since 

the two states exhibit different properties. 

 

A liquid cannot crystallize if the cooling rate is too high for it to reach thermodynamic 

equilibrium. The quicker the liquid is cooled, the less time it has to rearrange its internal 

structure and therefore freezes more quickly. As a result the temperature at which the transition 

occurs depends on the rate of the cooling or quenching (figure 1b). The 𝑇𝑔 for a slowly cooled 

liquid is lower than the 𝑇𝑔 for a quenched liquid. The temperature changes for about 3 to 5°C 

per order of magnitude change in the cooling rate [16]. All of these properties show that glass 

is a material in an out of the thermodynamic equilibrium state. 
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Figure 1: a) A glass transition (2) compared to crystallization (1). A glass transition appears as a continuous 

transition around glass transition temperature 𝑇𝑔, while crystallization has a discontinuity at freezing temperature 

𝑇𝑓[21]. b) The same glass transition at different cooling rates. The lower curve shows a system cooled slowly 

having a lower transition temperature 𝑇𝑔1
. The upper curve shows a system cooled quickly having a higher 

transition temperature 𝑇𝑔2
 [21]. 

 

The glass transition presents a lot of challenges when we want to describe it in terms of 

thermodynamic potentials, such as entropy 𝑆. In statistical mechanics, entropy can be defined 

as a measure of disorder in matter:  

 𝑆 = 𝑘𝐵 ln Ω , (1) 

 

where Ω is the number of possible molecular configurations or states. Since liquids have no 

long range order, the number of possible states is much higher than in solids, making 𝑆 also 

much higher for liquids. The value of 𝑆 falls down to 0 at 0 K, because at an absolute zero 

temperature all molecular movement is supposed to cease and there is only one possible state. 

But since there is always at least one possible state, the absolute value of 𝑆 can never be 

negative.  

 

When a supercooled liquid is cooled close to 𝑇𝑔, its entropy rapidly decreases, far quicker than 

the entropy of a crystalline solid. Kauzmann [3] has extrapolated the plots of 𝑆 as a function of 

𝑇 (figure 2) for supercooled liquids and noted that the entropies become equal at a temperature 

above 0 K, a temperature that was later named the Kauzmann temperature 𝑇𝐾, which is given 

by: 
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𝑆𝑙 − 𝑆𝑐 = ∫
𝑐𝑝

𝑙 − 𝑐𝑝
𝑐

𝑇
𝑑𝑇

𝑇𝑚

𝑇𝐾

 , (2) 

 

where 𝑆𝑙 and 𝑆𝑐 are entropies for a liquid and a crystal, respectively, at melting temperature 𝑇𝑚, 

while 𝑐𝑝
𝑙  and 𝑐𝑝

𝑐 are the temperature dependent heat capacities at the given pressure for a liquid 

and a crystal, respectively. If we continue lowering the temperature, then the liquid’s entropy 

falls below that of a crystal and eventually the entropy reaches 0 at a temperature above 0 K. 

The scenario implies that a supercooled liquid could have negative entropy, which is impossible 

and has been named entropy crisis or Kauzmann’s paradox.  

 

 

Figure 2: Entropy 𝑆 as a function of temperature 𝑇 for ethylbenzene [4]. Ethylbenzene can crystallize or it can go 

through a glass transition. For a supercooled liquid, 𝑆 decreases far more rapidly than for a crystal and if we 

extrapolate (dashed line), the entropies of a liquid and a crystal intersect at Kauzmann’s temperature 𝑇𝐾 . Kauzmann 

later postulated that at some point a supercooled must crystallize [3]. 

 

There have been a few possible solutions suggested to resolve the entropy crisis. One way is 

for the liquid to form an ideal glass of unique configuration at 𝑇𝐾 [22]. Another one is that the 

heat capacity smoothly decreases to a smaller value near 𝑇𝐾. Kauzmann later postulated that all 

supercooled liquids must crystallize before they reach 𝑇𝐾 [3]. 
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2.2 Viscosity 

The property that changes the most during the glass transition and differentiates a solid from a 

liquid is viscosity 𝜂. Viscosity describes a liquid’s resistance to flow. Water, a liquid with low 𝜂, 

flows quite easily, while honey, a liquid with high 𝜂, flows a lot slower and needs a lot more 

persuasion in the form of pressure. We can also define 𝜂 for solids as infinite, since they do not 

flow.  

 

When the temperature of a supercooled liquid approaches 𝑇𝑔, the viscosity increases drastically, 

slowing the movement of molecules down to a halt, increasing the relaxation time 𝜏 to very 

large values. With a large 𝜏, the molecules cannot reach thermodynamic equilibrium within any 

reasonable timeframe. The dependence of 𝜂 on temperature can be described with an Arrhenius 

equation:  

 
𝜂 = 𝜂0𝑒

Δ𝐸
𝑘𝐵𝑇 , (3) 

 

where 𝜂0 and Δ𝐸 are temperature independent constants describing viscosity at high 

temperature and activation energy, respectively, and 𝑘𝐵 is the Boltzmann constant. The 

Arrhenius equation describes the temperature dependence of reaction rates for chemical 

reactions, but it can also be used to describe molecular behaviour. It most accurately describes 

silica (𝑆𝑖𝑂2). Nowadays it is seen as an empirical equation. While it describes the change in 𝜂 

for some glass-forming liquids very well, it does not correctly describe all of them. Other liquids 

show an even more extreme increase in viscosity, which can be represented by the Volger – 

Tammann – Fulcher (VTF) equation [23-25]: 

 
𝜂 = 𝜂0𝑒

𝐵
𝑇−𝑇0 , (4) 

 

where 𝐵 and 𝑇0 are constants, specific to each individual glass forming liquid. Example liquids 

best described by the VTF equation are 𝐵2𝑂3 and 𝑆𝑒.  

 

The liquids that do not follow the Arrhenius equation are called non-Arrhenius liquids and for 

them Δ𝐸 is a function of temperature Δ𝐸 = 𝑓(𝑇). We can describe both types of liquids in 

terms of fragility. This is not the classical fragility, wherein you would use fragility to describe 

how easily some material breaks due to stress. Here we use the term to describe the fragility of 

molecular architecture in the glass-forming liquid [26].  
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The fragility of glass-forming liquids is represented by how much they deviate from the 

Arrhenius equation. Arrhenius liquids follow the equation very closely and are referred to as 

strong glass forming liquids. Silica (𝑆𝑖𝑂2) and germanium dioxide (𝐺𝑒𝑂2) are examples of 

this. The typical fragile liquids are non-Arrhenius liquids, with the more known examples being 

o-terphenyl (OTP) and toluene. In order to present the fragility of glass-forming liquids we can 

represent the logarithm of their viscosity as a function of inverse normalized temperature (
𝑇𝑔

𝑇
) 

(figure 3), which is called an Angell plot.  

 

 

Figure 3: Angell plot for different glass forming liquids [27]. The points are experimental results and the solid 

lines are expected slopes at high 𝑇. DGG1 is a soda-lime silica glass. Silica and DGG1 deviate slightly from the 

Arrhenius plot and are strong glass formers, while glycerol and salol deviate strongly and are fragile glass formers. 

 

Strong liquids form a straight line when plotted in the Angell plot, while fragile liquids form a 

concave curve. The plot also shows that different materials deviate from the Arrhenius equation 

for different amounts, exhibiting different amounts of fragility. To compare fragilities, we can 

define a fragility index 𝑀 as: 

 

𝑀 = (
𝑑 log10 𝜂

𝑑 (
𝑇𝑔

𝑇 )

)

𝑇=𝑇𝑔

 . (5) 
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The equation (5) defines 𝑀 as the slope of the Angell plot around the glass transition 

temperature. It shows how extremely viscosity changes around that temperature. For simple 

Arrhenius liquids, 𝑀 is roughly 16, while most viscous liquids have a value of 𝑀 between 50 

and 150. For a liquid to be considered strong, its 𝑀 should not be much higher than 16 [28]. If 

we compare liquids with different fragilities, we find that more fragile liquids have a broader 

distribution of relaxation times [29, 30]. However, there are exceptions to this rule [31, 32]. 

 

Diffusion is the rearrangement of molecules to achieve a homogeneous mixture and is a large 

part of molecular behaviour within a fluid, which is not present in solids. The motion of 

molecules in a diffusing liquid can be described as Brownian motion, which is defined as 

apparent random motion. Robert Brown first described the behaviour in 1826 [33]. Later 

Einstein proposed the theory of Brownian motion and derived the expression for the diffusion 

constant (𝐷) [34-37]: 

 
𝐷 =

𝑘𝑏𝑇

6𝜋𝜂𝑟
 , (6) 

 

where 𝑟 is the solute radius. Equation (6) is called the Einstein – Stokes (ES) equation and is 

used to describe diffusion of a spherical particle in a fluid with a low Reynolds number. 

Equation (6) also shows that 𝐷 and 𝜂 are inversely dependent, so a higher value of one will 

result in a lower value of the other. For use with typical liquids, equation (6) can be simplified 

into: 

 𝐷𝜏 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, (7) 

 

where 𝜏 is the relaxation time. However, research shows that glass forming liquids near 𝑇𝑔 do 

not follow the ES equation [5-12]. The phenomenon has been named as the breakdown of the 

ES equation. It is now commonly accepted that it occurs because of dynamic heterogeneity in 

supercooled liquids, specifically molecules having much higher or much lower velocities within 

the system [12-14].  

 

Little research has been done on glass in an electric field, but a recent article [38] has shown a 

dependence of the glass transition temperature on the electric field. They have shown 

experimentally that the electric field lowers 𝑇𝑔 when heating glass up to and beyond the glass 

transition. We will be focusing on the influence of electric field on molecular motion. 
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3 MOLECULAR DYNAMICS 

To simulate the molecular behaviour in a supercooled liquid in an external electric field we are 

using molecular dynamics, which is a type of N-body simulation. We use a method of molecular 

dynamics called the Gear algorithm to solve the equations of motion numerically with a time 

step Δ𝑡 = 10−15 s. Since we want to study the effects of an electric field, we need to keep 

constant temperature, which is achieved with a Berendsen thermostat [39]. The density of the 

system is also a set constant at 𝜎 = 1,54 g/cm3 and the molecules are constrained to a cubic 

simulation box, so they can move in three dimensions.  

 

3.1 Molecular motion 

During the simulation we are calculating the molecular motion by solving the system of 

Newton’s equations of motion: 

 𝑚𝑖�⃑�𝑖 = �⃑�𝑖 , (8) 

 

where 𝑚𝑖 and �⃑�𝑖 are the mass and the acceleration of the particle i and �⃑�𝑖 is the force acting on 

that particle. Because equation (8) is defined for the centre of mass, it can also be used for 

objects such as molecules, provided their centre of mass is correctly defined. For such cases we 

must define rotational motion to make all types of movement possible. Since this is an N-body 

simulation, the equations of motion cannot be solved analytically, so instead we solve them 

numerically using a finite difference method. We do not calculate the force directly, but instead 

we use interatomic potentials to calculate the force which acts on the particle.  

 

Another way of describing the system is by using the Lagrangian equations of motion: 

 

 𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇⃑�𝑖

) =
𝜕𝐿

𝜕�⃑�𝑖
 , (9) 

 

where the Lagrangian 𝐿 is defined as a function of the generalized coordinates �⃑�𝑖 and their first 

order time derivatives �̇⃑�𝑖 in terms of kinetic energy 𝐾 and potential energy or potential 𝑉: 

 

 𝐿(𝑞, �̇�) = 𝐾 − 𝑉 . (10) 
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If we use this approach on a system of atoms, use Cartesian coordinates and define the kinetic 

energy as 𝐾 =
1

2
𝑚𝑣2 and the potential as a function of atom locations, then we get the same 

result as in equation (8), where we can connect the potential (𝑉) and the force (�⃑�) with an 

equation: 

 �⃑� = −∇ 𝑉 = ∇ 𝐿 , (11) 

 

which is the approach used in our model. First we need a potential to model the interactions 

between molecules. In our model we use the Lennard – Jones potential [40]:  

 

 
𝑉(𝑟) = 4휀 ((

𝜎

𝑟
)

12

− (
𝜎

𝑟
)

6

) , (12) 

 

where 𝑟 is the distance between molecules, 𝜎 is the distance at which the potential is equal to 

zero and 휀 is the lowest value of the potential (figure 4). We implement the diatomic Lennard-

Jones potential with non-additive mixing [41, 42] since it is the simplest method that prevents 

crystallization in a system below crystallization temperature [39, 43-49]. For the intramolecular 

interaction we use a rigid bond. With a rigid bond, the distance between atoms in the molecule 

does not change and stays at 𝑑 = 1,73 Å.  We chose the Lennard-Jones potential since we find 

it useful in its simplicity, especially because the computational time required to calculate the 

potential is one of the lowest of the more used potentials. When calculating the potential, we 

include contributions of all the molecules up to a maximum distance between two molecules. 

If the distance between two molecules is smaller than the cut-off distance, then we include the 

contribution, else we consider that contribution negligible and equate it to zero. That way, the 

total potential for a molecule 𝑖 is: 

 

 

𝑉(𝑟𝑖) = ∑ 4휀𝑖𝑗 ((
𝜎𝑖𝑗

|𝑟𝑗 − 𝑟𝑖|
)

12

− (
𝜎𝑖𝑗

|𝑟𝑗 − 𝑟𝑖|
)

6

)

𝑁

𝑗=0,𝑗≠𝑖

 , (13) 

 

where 𝑟𝑖 is the location vector of the molecule 𝑖 and 𝑟𝑗 is the location vector for a molecule that 

contributes to the potential. The depth of the potential well 휀𝑖𝑗 and the distance at which the 

potential is zero 𝜎𝑖𝑗 are dependent on the types of atom combinations contributing to the 

potential. Since we have two different atoms (A and B) in our model, we have three possible 

combinations: A – A, A – B, and B – B. We can use a different value for each interaction. 
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Figure 4: Lennard Jones potential [50]. At intermolecular distance 𝜎, the value of the potential is equal to zero, 휀 

is the depth of the potential well at intermolecular distance 𝑅𝑚𝑖𝑛. 

 

In order to include a dependence on the electric field we need to add it to the calculation. We 

included it as an additional force �⃑⃑� that acts on every atom in the system, pulling it into one 

direction. The direction we chose is parallel to the z axis and one atom is pulled into the positive 

direction, while the other atom in the molecule is pulled in the opposite direction: 

 

 �⃑�𝑖 = ∇𝐿𝑖 + �⃑⃑� , �⃑�𝑖 = ∇𝐿𝑖 − �⃑⃑� , (14) 

 

where �⃑�𝑖 is the force acting on the 𝑖-th atom and 𝐿𝑖 is the Lagrangian for the 𝑖-th atom. The 

potentials are then used to calculate the next step using a predictor – corrector method named 

Gear. With this method, each new configuration is first predicted using a Taylor expansion of 

the function around the current configuration: 

 

 
𝑟𝑝(𝑡 + Δ𝑡) = 𝑟(𝑡) + Δ𝑡 �⃑�(𝑡) +

1

2
Δ𝑡2 �⃑�(𝑡) +

1

6
Δ𝑡3 �⃑⃑�(𝑡) + ⋯ 

�⃑�𝑝(𝑡 + Δ𝑡) = �⃑�(𝑡) + Δ𝑡 �⃑�(𝑡) +
1

2
Δ𝑡2 �⃑⃑�(𝑡) + ⋯ 

�⃑�𝑝(𝑡 + Δ𝑡) = �⃑�(𝑡) + Δ𝑡 �⃑⃑�(𝑡) + ⋯ 

�⃑⃑�𝑝(𝑡 + Δ𝑡) = �⃑⃑�(𝑡) + ⋯ 

(15) 
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where 𝑟(𝑡), �⃑�(𝑡), �⃑�(𝑡) and �⃑⃑�(𝑡) are current location, velocity, acceleration, and first derivative 

of acceleration, respectively. Their counterparts with a 𝑝 superscript are their predicted values 

we calculated from their current values. We use the predicted values to calculate the force with 

equation (11) in the new configuration to get the corrected value of acceleration �⃑�𝑐(𝑡 + Δ𝑡). 

Now using both the predicted and the corrected value of �⃑�, we can estimate the prediction error 

Δ�⃑�(𝑡 + Δ𝑡) as: 

 Δ�⃑�(𝑡 + Δ𝑡) = �⃑�𝑐(𝑡 + Δ𝑡) − �⃑�𝑝(𝑡 + Δ𝑡) . (16) 

 

The value of the prediction error is then used to correct the predicted values: 

 

 𝑟𝑐(𝑡 + Δ𝑡) = 𝑟𝑝(𝑡 + Δ𝑡) + 𝑐0 Δ�⃑�(𝑡 + Δ𝑡)  

�⃑�𝑐(𝑡 + Δ𝑡) = �⃑�𝑝(𝑡 + Δ𝑡) + 𝑐1 Δ�⃑�(𝑡 + Δ𝑡) 

�⃑�𝑐(𝑡 + Δ𝑡) = �⃑�𝑝(𝑡 + Δ𝑡) + 𝑐2 Δ�⃑�(𝑡 + Δ𝑡) 

  �⃑⃑�𝑐(𝑡 + Δ𝑡) = �⃑⃑�𝑝(𝑡 + Δ𝑡) + 𝑐3 Δ�⃑�(𝑡 + Δ𝑡) , 

(17) 

 

where 𝑐0, 𝑐1, 𝑐2, and 𝑐3 are coefficients, whose value we need to choose appropriately in order 

to have the best accuracy and calculation stability. We are using the method Gear 4 for a second 

order equation, therefore those values are 
1

6
, 

5

6
, 1, and 

1

3
 for 𝑐0, 𝑐1, 𝑐2, and 𝑐3 respectively.  

 

We could iterate the process of correcting the values by calculating the forces again to get new 

iterations of �⃑�𝑐(𝑡 + Δ𝑡) if we needed the added accuracy, however this is usually not done 

because the calculation of forces is the most time-consuming step in the whole process and is 

preferably done as little as possible. But since we still want the best possible accuracy, we need 

to have an accurate predictor.  

 

Since we have diatomic molecules, just calculating the translational behaviour will not be 

enough and we also need to include rotational behaviour. And since rotation is governed by the 

same laws of motion, we can use the same approach as we did in equations (15) to make the 

equations for rotation: 
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�⃑⃑�𝑝(𝑡 + Δ𝑡) = �⃑⃑�(𝑡) + Δ𝑡 �⃑⃑⃑�(𝑡) +

1

2
Δ𝑡2 �⃑�(𝑡) +

1

6
Δ𝑡3 𝛽(𝑡) +

1

24
Δ𝑡4 �⃑�(𝑡) + ⋯ 

�⃑⃑⃑�𝑝(𝑡 + Δ𝑡) = �⃑⃑⃑�(𝑡) + Δ𝑡 �⃑�(𝑡) +
1

2
Δ𝑡2 𝛽(𝑡) +

1

6
Δ𝑡3 �⃑�(𝑡) + ⋯ 

�⃑�𝑝(𝑡 + Δ𝑡) = �⃑�(𝑡) + Δ𝑡 𝛽(𝑡) +
1

2
Δ𝑡2 �⃑�(𝑡) + ⋯ 

𝛽𝑝(𝑡 + Δ𝑡) = 𝛽(𝑡) + Δ𝑡 �⃑�(𝑡) + ⋯ 

�⃑�𝑝(𝑡 + Δ𝑡) = �⃑�(𝑡) + ⋯ 

(18) 

 

where 𝜑 ⃑⃑⃑⃑ (𝑡), �⃑⃑⃑�(𝑡), �⃑�(𝑡), 𝛽(𝑡) and �⃑�(𝑡) are current angle, angular velocity, angular 

acceleration, and first  and second derivative of angular acceleration, respectively. We do the 

torque calculation to get the correction of �⃑� as �⃑�𝑐(𝑡 + Δ𝑡). Using the predicted and corrected 

�⃑� we calculate the prediction error Δ�⃑�(𝑡 + Δ𝑡) the same way as in equation (17) and calculate 

the corrected values:  

 

 �⃑⃑�𝑐(𝑡 + Δ𝑡) = �⃑⃑�𝑝(𝑡 + Δ𝑡) + 𝑘0 Δ�⃑�(𝑡 + Δ𝑡)  

�⃑⃑⃑�𝑐(𝑡 + Δ𝑡) = �⃑⃑⃑�𝑝(𝑡 + Δ𝑡) + 𝑘1 Δ�⃑�(𝑡 + Δ𝑡) 

�⃑�𝑐(𝑡 + Δ𝑡) = �⃑�𝑝(𝑡 + Δ𝑡) + 𝑘2 Δ�⃑�(𝑡 + Δ𝑡) 

  𝛽𝑐(𝑡 + Δ𝑡) = 𝛽𝑝(𝑡 + Δ𝑡) + 𝑘3 Δ�⃑�(𝑡 + Δ𝑡)  

  �⃑�𝑐(𝑡 + Δ𝑡) = �⃑�𝑝(𝑡 + Δ𝑡) + 𝑘4 Δ�⃑�(𝑡 + Δ𝑡) , 

(19) 

 

where 𝑘0, 𝑘1, 𝑘2, 𝑘3, and 𝑘4 are coefficients, whose value we need to choose appropriately in 

order to have the best accuracy and calculation stability. For these, we are using the method 

Gear 5 for a first order equation, so those values are 
251

720
, 1, 

11

12
, 

1

3
, and 

1

24
 for 𝑘0, 𝑘1, 𝑘2, 𝑘3, and 

𝑘4 respectively. With this method, we are recording 9 variables per molecule at any given time 

to best simulate the molecular movement. 

 

In order to get the most accurate results from our simulations, we use periodic boundary 

conditions. Using periodic boundary conditions, we define a box wherein all of the molecules 

move. If a molecule is to wander outside of the defined box, it re-enters the box on the opposite 

side. Because of that, we no longer have just one box with the molecules moving inside, but we 

have the box repeated enough times to completely envelop the original box from all sides. For 

that we need at least 9 boxes in two or 27 boxes in three dimensions, respectively (figure 5). 

Using periodic boundaries, we are mimicking a much larger system than what we are 
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simulating, essentially treating the system as infinite. While this is a great way to reduce the 

length of the computer simulation, it does have some disadvantages. If we make the box size 

too small, the results of the simulation cannot be expanded to the whole system, because the 

box is too small to be able to represent the whole system. 

 

When we want our results to represent an infinite medium, we need to make an infinite model, 

which is not possible. Instead we need to simulate it with a finite model which produces 

artificial effects called finite size effects. Finite size effects cause the simulation results to be 

different just because of the finite size of the simulation box. Since we cannot avoid finite size 

effects, we try to minimize them by choosing the largest box possible. But to have the 

calculations run as fast as possible, we need the box to be as small as possible. These two 

requirements force us to make a compromise in order to have the most optimal model. 

 

 

Figure 5: Periodic boundary conditions represented in two dimensions [51]. The centre box is the only one 

calculated – the other boxes are all copies of the centre box.  

 

One method for determining the optimal box size is running the simulation at different box 

sizes and finding the size of the box at which the results converge. For small box sizes the 

results are only representative for a system of their own size, because the finite size effects are 

too strong to be neglected. As we increase the size of the box, the results represent a larger and 
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larger system. At a certain box, size the finite size effects become negligible and the model 

gives the best approximation of an infinite medium. If we increase the box size further, the 

results do not change significantly and we do not receive any more information with a larger 

box size. This is the box size we can use, as it is the smallest in size but still gives a good 

approximation of the medium. 

 

We can use finite size effects to our advantage [18-20]. With finite size effects, we can 

determine correlation lengths within the system. A smaller box is not large enough to include 

the whole cluster, so the system does not give a true representation of a cluster. However, if we 

find a box just large enough to contain the whole cluster, then that size must be the size of the 

cluster. The size of the box can then be connected to the correlation length of the cluster.  

 

3.2 Analysis methods 

We can quantitatively describe the system’s behaviour after we perform all the steps. In order 

to best evaluate the simulation, we need to analyse the static properties and dynamic behaviour. 

The static properties that we are most interested in are structural properties, therefore we 

calculate the radial distribution function, static structure factor, and order parameter.  

 

A radial distribution function or RDF 𝑔(𝑟) describes how density varies as a function of 

distance from a reference atom or molecule. On a microscopic level, it gives information on 

how many molecules are at a certain distance from our reference molecule. All radial 

distribution functions have a value of 0 until the value of r reaches 𝜎 where the function has a 

peak. This is because 𝜎 represents the size of molecules and two different molecules cannot 

occupy the same space. If we plot the function for gases, liquids, and solids, we find large 

differences between the different states of matter (figure 6b). A 𝑔(𝑟) with one small peak that 

rapidly converges to a value of 1 is typical of gases. If it shows damped oscillations around the 

value of 1, then it is an example of a liquid. However, if 𝑔(𝑟) has multiple peaks and also falls 

to zero between both peaks, then it is representative of a solid.  

 

We calculate 𝑔(𝑟) from the molecules’ locations by setting the origin of our spherical 

coordinate system in the centre of a reference molecule and counting the number of molecules 

at a certain distance from our reference particle (figure 6a). We can count the molecules to a 

distance of up to a half of the box size in one dimension due to periodic boundary conditions. 
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If we include greater distances, we go to sizes larger than the size of the box and, because of 

periodic conditions, we can quickly count the same molecule twice and at different distances. 

Such results can then no longer be considered representative of the system we are describing. 

 

We can define 𝑔(𝑟) as: 

 

𝑔(𝑟) =
1

𝑁𝜌
∑ ∑〈𝛿(𝑟 + 𝑟𝑗 − 𝑟𝑖)〉

𝑁

𝑗≠𝑖

𝑁

𝑖=1

 , (20) 

 

where 𝜌 is the density, 𝑟𝑖 is the location of our reference particle and 𝑟𝑗 is the location of the 

molecule to which we are measuring the distance. With this definition, we are simply adding 

up all the delta functions which, when we average over all molecules, gives us our radial 

distribution function.  

 

 

Figure 6: a) Counting of the number of atoms within distance 𝑟 and 𝑟 + 𝑑𝑟 [52]. The green atoms are counted as 

within the selected distance, because their centre of mass is at that chosen distance. b) Radial distribution function 

for different phases [53]. We can see large differences between plots for different phases. 

 

Function 𝑔(𝑟) must be properly normalized. So if we integrate 𝑔(𝑟) over the whole space, we 

must get the number of molecules minus one: 

 

 

∫ 𝜌𝑔(𝑟)4𝜋𝑟2𝑑𝑟 = 𝑁 − 1

∞

𝑟=0

 . (21) 
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Since we are counting all the molecules around our chosen molecule, there need to be 𝑁 − 1 

molecules around our molecule. 

 

The static structure factor 𝑆(𝑞) is similar to the radial distribution function and describes the 

amplitude and phase of waves diffracted off of materials. It is used in crystallography to 

interpret interference patterns of crystals. With the help of 𝑆(𝑞), we can accurately describe the 

molecular structure of a crystal. This image is the crystallographic analogue of the image 

formed in a microscope through a recombination of the rays scattered by the object [54].   

 

The structure factor is defined differently for different types of matter; for a simple liquid it is 

defined as: 

 

𝑆(𝑞) =
1

𝑁
〈∑ ∑ 𝑒−𝑖�⃑⃑�∙𝑟𝑖𝑒𝑖�⃑⃑�∙𝑟𝑗

𝑁

𝑗=1

𝑁

𝑖=1

〉 , (22) 

 

where �⃑� is the wave vector and 𝑞 is the wave vector size. We can also define the structure factor 

in terms of the radial distribution function: 

 

 

𝑆(𝑞) = 1 + 4𝜋𝜌 ∫
𝑟2𝑔(𝑟) sin(𝑞𝑟)

𝑞𝑟
𝑑𝑟

∞

0

 . (23) 

 

The equation (23) shows that the static structure factor can be calculated as a Fourier transform 

of the radial distribution function. In this case, the volume integral has already been partially 

calculated, as the liquid is considered to be isotropic, so the only dependence is on distance. 

The static structure factor plot is similar to the radial distribution function plot in the case of a 

liquid, for a solid it appears more as an interference pattern, while for a gas it is a constant 

(figure 7). 
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Figure 7: Static structure factor for a hard-sphere liquid [55]. The plots were calculated using a Percus-Yevick 

approximation for volume fractions 𝛷 from 1% to 40%.  

 

The order parameter 𝑆 is a measure of rotational order within a system and is usually used for 

liquid crystals. We will use it to see if the electric field affects the order within the system. To 

be able to measure order within the system, we need to define an order parameter. The most 

useful definition for the order parameter is in our case:  

 

 
𝑆 =

1

2
〈(3 cos2 𝜃 − 1)〉 , (24) 

 

where 𝜃 is the angle between the molecule and the local director �⃑⃑�, which is defined as: 

 

 

�⃑⃑� =
1

𝑁
∑

𝑟𝑖

‖𝑟𝑖‖

𝑁

𝑖=1

=
1

𝑁
∑

𝑟𝑖
(2)

− 𝑟𝑖
(1)

‖𝑟𝑖
(2)

− 𝑟𝑖
(1)

‖
 

𝑁

𝑖=1

 , (25) 
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where ‖… ‖ denotes the absolute value of a vector – and 𝑟𝑖
(1)

 and 𝑟𝑖
(2)

 are locations of the first 

and second atom in the 𝑖-th molecule, respectively. Subtracting one from the other gives the 

normalized vector 𝑟𝑖 for the 𝑖-th molecule 𝑟𝑖. The local director is essentially the average 

direction of all the molecules in the system. We can then calculate the order parameter as: 

 

 

𝑆 =
1

2𝑁
∑(3 𝑟𝑖 ∙ �⃑⃑� − 1)

𝑁

𝑖=1

 . (26) 

 

For a completely random and isotropic system the value of 𝑆 is equal to zero, while for a 

perfectly aligned system that value is equal to one. Typically, the value will be between 0,3 and 

0,8 for liquid crystals. We will search for cases where 𝑆 reaches such values. 

 

Since glass forming liquids show very interesting dynamics, we need ways to properly describe 

them, such as the mean square displacement, Van Hove correlation functions, incoherent 

intermediate scattering function, relaxation time, and non-Gaussian parameter. 

 

The simplest dynamics analysis is the analysis of mean square displacement 〈Δ𝑟2(𝑡)〉. With it 

we can show how much the molecules have moved from the start of the simulation. The mean 

square displacement 〈Δ𝑟2(𝑡)〉 is defined as: 

 

 
〈Δ𝑟2(𝑡)〉 =

1

𝑁
∑〈|𝑟𝑖(𝑡) − 𝑟𝑖(0)|2〉

𝑁

𝑖=1

 (27) 

 

where 𝑁 is the amount of molecules in the system, 𝑟𝑖(𝑡) is the current molecule location and 

𝑟𝑖(0) the molecule’s starting location. The system’s behaviour has three specific regions of 

behaviour that are visible on the graph: ballistic, caging, and diffusive (figure 8). Ballistic 

motion is uninhibited motion where the molecules’ mean square displacement increases as a 

square of time. Such motion only happens at very short times. In the caging regime the 

molecules form clusters, giving rise to cooperative motion. The caging regime appears at 

intermediate times. At long times, the motion is diffusive, where molecular motion can be 

described as Brownian. 
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Figure 8: Mean square displacement for a system at different temperatures [56]. At high temperatures (𝑇 = 5.0), 

the system exhibits exclusively diffusive behaviour. If we lower the temperature, a plateau typical for the caging 

regime becomes more and more prominent (𝑇 = 0.466). 

 

Brownian motion is apparent random motion of particles in fluids, which is a result of many 

collisions with other particles. The model is used to describe the motion of particles within 

fluids, such as molecules in a drop of paint that fell into water or dust particles flying through 

the air. Using that model, we can connect 〈Δ𝑟2(𝑡)〉 to the diffusion constant (𝐷) with Einstein’s 

expression for the diffusion constant [57]: 

 

 
𝐷 =  lim

𝑡→∞
(

1

6

𝑑

𝑑𝑡
〈Δ𝑟2(𝑡)〉) . (28) 

 

Equation (28) suggests that at large times the mean square displacement increases linearly and 

that the value of 𝐷 is simply the slope of 〈Δ𝑟2(𝑡)〉 divided by 6. If we do find such behaviour, 

then we can confirm that molecular behaviour is diffusive. Equation (28) uses the averaged 

value of all mean square displacements, but each individual molecule has a slightly different 

value of displacement and subsequently a slightly different diffusion constant. This is not 

important for liquids at high temperatures, as the differences in individual motion are not also 

reflected in their spatial positions [58]. We can define the distribution of displacements 𝑃(Δ𝑟𝑖) 

for such systems as Gaussian: 
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𝑃(Δ𝑟𝑖) =

1

(4𝜋𝐷Δ𝑡)3/2
 𝑒−

‖Δ𝑟𝑖‖2

4𝐷Δ𝑡  , (29) 

 

where Δ𝑟𝑖 is the individual displacement vector and Δ𝑡 is our chosen time interval or step. For 

very short times, we can approximate displacement as Δ𝑟𝑖 ≈ �⃑�𝑖Δ𝑡 and the distribution is still 

Gaussian, since the ballistic motion is not correlated. At very long times, molecules eventually 

lose memory of their initial conditions and all heterogeneities that may have been present get 

averaged out and the Gaussian distribution is applicable again. 

 

The Gaussian distribution is no longer an appropriate choice at lower temperatures, where we 

may find dynamical heterogeneities within the system. Dynamical heterogeneities imply 

clustering of molecules and their cooperative behaviour. The most popular indicator of such 

behaviour is the non-Gaussian parameter 𝛼2 [59]: 

 

 
𝛼2(𝑡) =

3〈Δ𝑟4(𝑡)〉

5〈Δ𝑟2(𝑡)〉2
− 1 , (30) 

 

where 〈Δ𝑟4(𝑡)〉 is the fourth power of the mean displacement. For a truly Gaussian distribution, 

𝛼2(𝑡) becomes zero, therefore 𝛼2(𝑡) is an appropriate choice for intermediate time scales. Only 

intermediate time scales do not have a Gaussian distribution of displacements. This is also 

reflected in the plots of 𝛼2(𝑡) through time, as the value starts at zero for very short times, 

monotonously rises to a maximum in the intermediate time scale, before it converges back to 

zero for long times (figure 9). The maximum value of 𝛼2(𝑡) in time is an indicator of the 

strength of cooperative motion in the system.  

 

The maximum value of 𝛼2(𝑡) is highly dependent on temperature. At high temperatures, the 

molecular motion in a liquid is isotropic and homogeneous, so 𝛼2(𝑡) is zero. When temperature 

decreases, the maximum value 𝛼2(𝑡) becomes non-zero, meaning a dynamically heterogeneous 

behaviour. The maximum value increases with lower temperatures, showing that the molecular 

dynamics within a glass forming liquid become more heterogeneous.  
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Figure 9: Non-Gaussian parameter 𝛼2 as a function of time [60]. The different curves represent different 

temperatures. The maximum increases with decreasing temperature, therefore the system with the lowest 

maximum 𝛼2 is at the highest temperature and that maximum is reached at a shorter time.  

 

The Van Hove distribution function 𝐺(𝑟, 𝑡) is a dynamical correlation function for 

characterizing the spatial and temporal distributions of pairs of molecules in a fluid [61]. It 

gives the probability of finding a molecule at position 𝑟 at time 𝑡, provided that 𝐺(0,0) = 1, 

meaning that there is a molecule in the origin the of system at the start of our calculation. The 

Van Hove function is the dynamical counterpart to the radial distribution function (𝑔(𝑟)). The 

function is defined as: 

 

𝐺(𝑟, 𝑡) =
1

𝑁
〈∑ ∑ 𝛿 (𝑟 + 𝑟𝑗(0) − 𝑟𝑖(𝑡)) 

𝑁

𝑗=1

𝑁

𝑖=1

〉 . (31) 

 

The function can be separated into two terms, named the self and the distinct part. The self part 

only includes cases where 𝑖 = 𝑗 and the distinct includes all others, where 𝑖 ≠ 𝑗: 

 

 𝐺(𝑟, 𝑡) = 𝐺𝑠(𝑟, 𝑡) + 𝐺𝑑(𝑟, 𝑡) (32) 

 

𝐺𝑠(𝑟, 𝑡) =
1

𝑁
〈∑ 𝛿(𝑟 + 𝑟𝑖(0) − 𝑟𝑖(𝑡))

𝑁

𝑖=1

〉 , 𝐺𝑑(𝑟, 𝑡) =
1

𝑁
〈∑ ∑ 𝛿 (𝑟 + 𝑟𝑗(0) − 𝑟𝑖(𝑡)) 

𝑁

𝑗≠𝑖

𝑁

𝑖=1

〉 . 
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The self part describes the average motion of a molecule that was at time 𝑡 = 0 at the origin 

and gives the probability that a molecule has moved a distance 𝑟 in time 𝑡 (figure 10a). The 

distinct part describes the average motion of all other molecules in relation to that molecule and 

gives the probability of finding a molecule at distance 𝑟 in time 𝑡 from the origin, which at 𝑡 =

0 was occupied by a molecule (figure 10b). The distinct part gives the radial distribution 

function, if we set time to 𝑡 = 0. And if we set 𝑡 = 0, the whole function is as follows: 

 

 

𝐺(𝑟, 0) =
1

𝑁
〈∑ ∑ 𝛿 (𝑟 + 𝑟𝑗(0) − 𝑟𝑖(0)) 

𝑁

𝑗=1

𝑁

𝑖=1

〉 = 𝛿(𝑟) + 𝜌𝑔(𝑟) . (33) 

 

The self part becomes a singularity at the origin and the distinct part becomes the radial 

distribution function multiplied by a factor of density. Both the self and the distinct part have 

to be normalized and since we are counting molecules with both of them, they must together 

amount to the number of molecules, if we integrate the functions over all space: 

 

 

∫ 𝐺𝑠(𝑟, 𝑡)𝑑𝑟

∞

𝑟=0

= 1 , ∫ 𝐺𝑑(𝑟, 𝑡)𝑑𝑟

∞

𝑟=0

= 𝑁 − 1 . (34) 

 

The values of 1 and 𝑁 − 1 must be conserved for all times to ensure we have a closed system, 

where no molecule can enter or leave the system. Through time, both parts of the function 

converge to a single value (figure 10a, b) and at very long times (𝑡 → ∞), we find that the 

system has lost memory of the initial configuration, since the correlation functions have become 

independent of distance: 

 

 lim
𝑟→∞

𝐺𝑠(𝑟, 𝑡) = lim
𝑡→∞

𝐺𝑠(𝑟, 𝑡) ≈ 0 , lim
𝑟→∞

𝐺𝑑(𝑟, 𝑡) = lim
𝑡→∞

𝐺𝑑(𝑟, 𝑡) ≈ 𝜌 . (35) 

 

The self part becomes equal to one because the probability of finding one specific molecule at 

any location becomes negligible, but for the distinct part the probability becomes equal to the 

density of the system, because by using the distinct part we are searching for any molecule in 

any location.  
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Figure 10: Van Hove functions [62]. a) Self Van Hove function for a molecule with different curves showing the 

Van Hove function for different times. b) Distinct Van Hove function for all molecules except the origin molecule 

for different times. At time 𝑡 = 0, the fluctuations are largest, through time the fluctuations become smaller and 

at 𝑡 → ∞ the function converges to a constant.  

 

The Van Hove correlation function is usually used for calculating other functions. One of them 

is the intermediate scattering function 𝐹(𝑞, 𝑡). It is defined as a Fourier transform of 𝐺(𝑟, 𝑡): 

 

 

𝐹(�⃑�, 𝑡) = ∫ 𝐺(𝑟, 𝑡)𝑒−𝑖�⃑⃑�∙𝑟 𝑡𝑑𝑟

∞

𝑟=0

 . (36) 

 

As with the Van Hove function, 𝐹(𝑞, 𝑡) can also be defined with a self and a distinct part: 

 

 

𝐹𝑠(�⃑�, 𝑡) = ∫ 𝐺𝑠(𝑟, 𝑡)𝑒−𝑖�⃑⃑�∙𝑟 𝑡𝑑𝑟

∞

𝑟=0

,   𝐹𝑑(�⃑�, 𝑡) = ∫ 𝐺𝑑(𝑟, 𝑡)𝑒−𝑖�⃑⃑�∙𝑟 𝑡𝑑𝑟

∞

𝑟=0

 , (37) 

 

where 𝐹𝑠(�⃑�, 𝑡) is the incoherent intermediate scattering function and 𝐹𝑑(�⃑�, 𝑡) is the coherent 

scattering function. The self part (𝐹𝑠(�⃑�, 𝑡)) can be measured from inelastic neutron- or X-ray 

scattering experiments enables us to determine the mean relaxation time: 

 

 𝐹𝑠(�⃑�, 𝜏) ≅ 𝑒−1 .  (38) 

 

The scattering function is normalized to start at value 1 and we chose the value of 𝑒−1 to be the 

parameter of finding the relaxation time. When the value of 𝐹𝑠(�⃑�, 𝑡) drops below 𝑒−1, this time 

is defined as the relaxation time (𝜏).  
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The shape of 𝐹𝑠(�⃑�, 𝑡) can change with different temperatures (figure 11) and can differ from 

one location to another in space. The spatial fluctuations give us information about the 

dynamical heterogeneities within the system.  

 

In a plot of 𝐹𝑠(�⃑�, 𝑡), we see the ballistic regime at short times, which is shown as a constant 

function. At intermediate times, we can find 𝛽 relaxation or the caging regime, which is 

characterized by a slowly decreasing function. At long times, we find the 𝛼 relaxation or the 

diffusive regime, characterized by exponential decay (figure 11). 

 

 

Figure 11: Form of a typical time correlation function 𝜙 such as the incoherent intermediate scattering function 

[62]. The plot shows the difference between a system at a high temperature (red line) and low temperature (blue 

line). At high temperatures, the system quickly relaxes into a stable configuration, while at low temperatures the 

system requires a much longer time to reach equilibrium. At low temperatures the system also shows the caging 

regime and in some cases the boson peak. 

 

4 RESULTS 

We ran simulations on various system sizes ranging from 100 up to 800 molecules for 8,01 ×

108 steps equal to 801 ns of elapsed time in the system, which is considered a long time for 

the system’s dynamics. However, such long simulations were only done for the smallest system. 

Because of the required computational time was high, we only ran the simulations for 8,01 ×

107 steps on larger systems. The temperature with the thermostat was set to 120 K. 
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4.1 Glassy properties 

To determine whether or not our system exhibits glassy properties, we first checked if our plots 

match the theoretical predictions. We used a system with 100 molecules. In order to evaluate 

the influence of an electric field on the structure and dynamics within the system, all figures 

also include multiple plots for different values of electric field. 

 

The radial distribution function has large fluctuations, which are typical when representing the 

structure of liquids (figure 12). When the value becomes nonzero, it does not become zero 

again, which would be indicative of a crystal. Such results show that the system in our 

simulations is either a supercooled liquid or an amorphous solid such as glass. A similar result 

is shown with the static structure factor (figure 13). The value fluctuates at the beginning, but 

the fluctuations decay to a constant value. Both results confirm that the structure is not 

crystalline, but liquid. However, we can see that at larger electric fields the structure within the 

system changes slightly, indicating a possibility of partial crystallization. While the structure of 

the system is still very much like a liquid, the molecules have arranged themselves differently. 

 

 

Figure 12: Radial distribution function 𝑔(𝑟) for the box with 100 molecules at different electric fields. At weaker 

field, 𝑔(𝑟) is the same as without an electric field, while at a stronger field the function is slightly different, hinting 

at a possible partial crystallization.  
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Figure 13: Static structure factor 𝑆(𝑞) at different electric fields. Again, we see the same plot for the weaker 𝐸, 

while the structure factor plot changes slightly in a stronger field, indicating a structural change, most likely 

crystallization. 

 

The plot of mean square displacement (figure 14) shows that the simulations are going for long 

times, since we mostly see a linearly increasing function, indicating a diffusing regime. 

However, at shorter times we do see a relatively constant value, which is typical of the caging 

regime. The three examples with different external electric fields show that 𝐸 slows down the 

movement of molecules. The examples also show that the dependence is not linear, since the 

difference between the zero field and 𝐸 = 0,05 is much smaller when compared to the 

difference between the results for 𝐸 = 0,05 and 𝐸 = 0,075, respectively.  

 

With the addition of an electric field we have created anisotropic conditions in our system. To 

see if we have created an anisotropic liquid, we measured mean square displacement in z 

direction and xy plane separately (figure 15). However, we found that there was no major 

difference between mean square displacements of the two directions. This suggests that the 

molecules did not move considerably more in the direction of the field, even at larger field 

strengths.  
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Figure 14: Mean square displacement 〈𝛥𝑟2(𝑡)〉 at different strengths of field 𝐸. Since we ran the simulation for 

long times, the ballistic regime is not observable, while the caging and diffusive regime can be easily observed. 

We see a negligible change in dynamics from no electric field to 𝐸 = 0,05 and a much smaller mean square 

displacement in the example of 𝐸 = 0,075. The mean square displacement is not linearly dependent on 𝐸. 

 

 

Figure 15: Mean square displacement 〈𝛥𝑟2(𝑡)〉 in the xy- and z-direction at 𝐸 = 0,05. The difference between 

both displacements is negligible, meaning that the molecules do not move much more in the z-direction. 
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The plots for 𝛼2 (figure 16) show a similar picture as in figure (14). They do not start at zero, 

meaning that we did not monitor the configuration of the system often enough to catch the 

ballistic regime behaviour. The maximum value is reached approximately when the slope of 

〈Δ𝑟2(𝑡)〉 converges to its final value. Figure (16) also shows that the distribution of velocities 

becomes a lot more non-Gaussian with higher 𝐸, indicating a more dynamically heterogeneous 

behaviour and cooperative motion. As with figure (14), the difference between the first two 

examples is much smaller than the difference between the second two, suggesting a nonlinear 

dependence on 𝐸. 

 

 

Figure 16: Non-Gaussian parameter 𝛼2 for different strengths of electric field 𝐸. A weaker electric field strengthens 

cooperative motion only slightly, while a slightly stronger electric field induces strong cooperative motion. Here 

we can again observe the nonlinear dependence on 𝐸. 

 

The plots for the incoherent intermediate scattering function (figure 17) show that the system 

is not at a very low temperature, since the 𝛽 relaxation is not noticeable. At the same time, the 

plots are consistent with both figure (14) and (16). With higher 𝐸, cooperative motion is 

stronger, leading to longer relaxation times. Nonlinear dependence on 𝐸 is also visible in figure 

(17). 
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Figure 17: Incoherent intermediate scattering function 𝐹𝑠(�⃑�, 𝑡) at different electric fields. We can see that the 

system is not at an extremely low temperature since the boson peak is not present, however with higher electric 

field the relaxation times lengthen, indicating that the electric field might artificially lower the temperature of the 

system. 

 

4.2 Dependence on external electric field 

 

We ran simulations for many different 𝐸 and calculated the value of the diffusion constant (𝐷) 

by using the mean square displacement. Since the smallest box has shown the highest 

dependence on electric field due to its small size, we focused mostly on the box with 100 

molecules. The electric field does not seem to have any significant impact on the system’s 

behaviour up to a certain value, which appears to be around 𝐸 ≈ 0,05 (figure 18). For              

𝐸 > 0,05, the diffusivity of the system quickly drops down to zero. 

 

Larger system sizes do not show such a strong dependence on electric field. One example is the 

box with 600 molecules (figure 19). The diffusivity of the system slows down slightly, within 

error, with increasing the electric field up to the values of 𝐸 ≈ 0,1 at which the small box had 

the diffusivity equal to zero.  
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Figure 18: Diffusion constant 𝐷 as a function of electric field 𝐸 for the box with 100 molecules. At lower 𝐸, we 

see no noticeable change, however at 𝐸 > 0,05 the diffusion constant quickly decreases almost to zero and reaches 

zero at 𝐸 = 0,1. 

 

 

Figure 19: Diffusion constant 𝐷 as a function of electric field 𝐸 for the box with 600 molecules. In comparison 

with the smaller box, 𝐷 does not change much, however it does decrease slightly with higher 𝐸. 
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The strength of cooperative motion has shown a large dependence on electric field, as shown 

in figure (16). By plotting the maximum value of 𝛼2 as a function of 𝐸 we can see how strongly 

𝐸 induces cooperative motion. For the box with 100 molecules, the results (figure 20) give 

similar information as in figure (18). At first 𝛼2
𝑚𝑎𝑥 appears constant, then around 𝐸 ≈ 0,05 the 

value of 𝛼2
𝑚𝑎𝑥 increases strongly, indicating a stronger presence of cooperative motion as a 

consequence of a stronger electric field.  

 

 

Figure 20: Maximum non-Gaussian parameter 𝛼2
𝑚𝑎𝑥 as a function of electric field 𝐸. At weak fields, 𝛼2

𝑚𝑎𝑥 appears 

relatively constant. At stronger 𝐸, the value of 𝛼2
𝑚𝑎𝑥 rapidly increases, indicating a large increase in cooperative 

motion within the system in a strong electric field. 

 

With increasing 𝐸, the motion within the system appears to slow down, as shown in figure (18). 

With slower dynamics, the relaxation times become longer (figure 21). However, 𝜏 does not 

change considerably until 𝐸 ≈ 0,05, where it rapidly increases to large values. In some 

simulations, 𝜏 was even larger than the simulation time, as the scattering function did not 

decrease below the value of 𝑒−1, which was the condition we set for 𝜏.  

 

Using both the diffusion constants and relaxation times, we were able to check whether the 

Einstein – Stokes relation holds (figure 22). We found that the relation holds true for smaller 

electric fields, while at larger 𝐸 it breaks down.  
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Figure 21: Relaxation time 𝜏 as a function of electric field 𝐸. Relaxation time changes for an order of magnitude 

at stronger electric fields, indicating a slowing down of molecular motion.  

 

 

Figure 22: Einstein – Stokes relation 𝐷𝜏 = 𝑐𝑜𝑛𝑠𝑡 as a function of electric field 𝐸. The relation holds well at weaker 

electric fields, while at stronger fields it breaks down, similar to a supercooled liquid. 
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The nature of the breakdown appears similar to cooling the liquid, implying that the electric 

field might have seemingly lowered the temperature of the system. If we refer back to figures 

(18), (20), and (21), we find that these results are consistent with our statement. At lower 

temperatures, the dynamics slow down, leading to a lower diffusion constant and longer 

relaxation time, while cooperative motion is more prominent.  

 

The dependence of the order parameter (𝑆) on an electric field (figure 23) is similar to the 

dependence of 𝛼2
𝑚𝑎𝑥 (figure 20). However, the change of 𝑆 appears discontinuous. Such a large 

change suggests structural changes, which were observed in figure (12) and (13). The value of 

𝑆 at stronger fields comes close to 0,3; in a field of liquid crystals, this can already be interpreted 

as ordered structure. An ordered structure means that the system has at least partially 

crystallized. 

 

 

Figure 23: Order parameter 𝑆 as a function of electric field 𝐸. At weaker electric fields, the system does not show 

any signs of rotational order. At stronger electric fields, the system has a comparatively much more ordered 

structure, indicating a possible partial crystallization. 
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5 CONCLUSION 

In this master thesis we studied the effect of an external electric field on a glass forming liquid. 

Glass forming liquids do not go through a first order phase or discontinuous transition as 

crystalline solids do, instead they go through a second order or a continuous transition. During 

this transition, molecular structure does not change, instead the molecules simply slow down to 

a halt. Subsequently, the molecular structure of glass resembles that of liquids, while its 

mechanical properties, such as viscosity, are far closer to crystalline solids. So far, the influence 

of an electric field has not been thoroughly studied, but some experiments have been performed 

[38]. 

 

We chose to model the glass forming liquid numerically with molecular dynamics. We used the 

Gear algorithm to calculate the movement and we used the Lennard-Jones potential as an 

interacting potential. After the simulation we evaluated molecular structure with the radial 

distribution function, static structure factor, and order parameter. We evaluated the dynamics 

of the system with the mean square displacement, non-Gaussian parameter, and incoherent 

intermediate scattering function. Because the smallest box with 100 molecules showed the 

strongest dependence on electric field, we decided to focus mostly on that box size. 

 

The radial distribution function and static structure factor have shown the system exhibits 

liquid-like structure, which is in accordance with theoretical predictions. However, at stronger 

electric fields the structure changes slightly, which can mean a partial crystallization. We 

performed an analysis of the order parameter and found that a partial crystallization has 

happened. At strong electric fields, the molecular structure became much more ordered, as 

indicated by a significantly increased order parameter. While it is true that 𝑆 only represents 

rotational order, it could mean that the translational order has also increased, which is consistent 

with the results of 𝑔(𝑟) and 𝑆(�⃑�). 

 

Mean square displacement has not shown any large dependence on electric field at weaker 

electric field. At a value of 𝐸 > 0,05, the motion in the system becomes much slower, as shown 

in figures (14) and (18). Since the system has lower mean square displacement, it also has a 

lower diffusion constant, making the system more viscous. At 𝐸 = 0,1, the system was actually 

blocked and the molecules barely moved at all. The non-Gaussian parameter has also remained 

relatively constant at weaker fields and then increased substantially once 𝐸 > 0,05, showing 
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stronger cooperative motion forced by an electric field. An increase in viscosity and cooperative 

motion signify that the temperature inside the system had been decreased artificially. The 

incoherent intermediate scattering function further supports this, since the relaxation times have 

also increased for as much as an order of magnitude at 𝐸 > 0,05.  

 

Both the structure and the dynamics of the system change substantially at stronger electric 

fields. Radial distribution function, static structure factor, and order parameter suggest there is 

a structural change, while the diffusion constant, non-Gaussian parameter, 𝜏, and the Einstein 

– Stokes relation suggest the temperature within the system has changed. If we combine the 

two effects, we can say that the electric field has forced the system into a different structural 

pattern, which in turn seemingly lowers the temperature of the system.  

 

Finite size effects were noticeable in our simulations, since the systems with larger simulation 

box sizes did not exhibit the same type of behaviour we saw in the smallest box. The electric 

field has increased the amount of cooperative motion in the system by increasing the size of the 

clusters. Around 𝐸 ≈ 0,05, the size of the clusters became equal to the size of the box and at 

stronger fields the properties of the system changed substantially, because the box became too 

small to contain a full cluster. This can explain both the structural change and the slower 

dynamics of the system at stronger electric fields. The larger systems exhibited a linear 

dependence, where no noteworthy change happened as shown in figure (19). However, the 

fluctuations are large enough for the system’s properties to not be dependent on the electric 

field at all.  

 

Glass forming liquids are a fascinating subject to study and hide many surprises. Their 

dependence on an external electrical field can still be studied further. We can put larger boxes 

into stronger electric fields to see if their properties will also change a strong enough 𝐸. Perhaps 

each simulation box has a specific value of 𝐸 at which the box becomes too small to contain a 

whole cluster. There are still plenty of options about what to do with glass forming liquids, so 

there is no doubt that we will continue having fun with them. 
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